Using universal properties and a basic statistical mechanical approach, we propose a general equation of state for unitary Fermi gases. The universal equation of state is written as a series solution to a self consistent integral equation where the general solution is a linear combination of Fermi functions. First, by truncating our series solution to four terms with already known exact theoretical inputs at limiting cases, namely the first three virial coefficients and using the Bertsch parameter as a free parameter, we find a good agreement with experimental measurements in the entire temperature region in the normal state. This analytical equation of state agrees with experimental data up to the fugacity z = 18, which is a vast improvement over the other analytical equations of state available where the agreements is only up to z ≈ 7. Second, by truncating our series solution to four terms again using first four virial coefficients, we find the Bertsch parameter ξ = 0.35, which is in good agreement with the direct experimental measurement of ξ = 0.37. This second form of equation of state shows a good agreement with self-consistent T-matrix calculations in the normal phase.
I. INTRODUCTION
Strongly interacting Fermi particle systems are common throughout nature. Examples include quark-gluon plasmas in the early universe, nuclear matter in neutron stars, and condensed matter electronic compounds. Due to the flexibility of cold-atom experiments and possibility of tuning the interaction from a weakly attractive regime to a weakly repulsive regime through an infinitely strong interacting regime, the thermodynamics of ultracold Fermi atoms has been in the center of experimental investigations. In cold atom experiments, the interatomic interaction between neutral Fermi atoms can be controlled using the Feshbach resonance [1] [2] [3] [4] . This is done by adjusting the two-body s-wave scattering length between two fermions in different hyperfine states. At low densities and ultra-cold temperatures, only isotropic and short-range s-wave scattering between particles can take place. Therefore scattering can be solely characterized by the s-wave scattering length a s . The system is called unitary when the scattering length is adjusted to be infinitely large [5] . For unitary fermions with zero range interacting systems, such as ultra-cold neutral atoms, the inter particle distance sets the only length scale. As a result, the details of the inter atomic interaction are not important when its come to the physical properties. At this unitary limit, the system is expected to show universal behavior in both static and dynamic properties, regardless of the specific system [6] .
Recently, there have been exciting experimental efforts in realizing ultra-cold unitary Fermi systems to study the behavior of universal fermions [7] . As a result of the unprecedented controllability of ultra-cold atomic systems, several experimental groups have achieved the strongly interacting regime of fermions by tuning an external magnetic field across a collisional Feshbach resonance. By doing so, they have tuned the two-body s-wave scattering length a s from small positive values to small negative values through positive and negative infinities. This tuning leads them to observe the crossover from BardeenCooper-Schieffer (BCS) superfluids to Bose-Einstein condensates (BEC) of two-component fermions at low temperatures. The strongly interacting regime or the unitary regime is denoted by the condition k F |a s | >> 1, where
is the Fermi wave-vector with n being the fermion density. At the Feshbach resonance or unitarity the s-wave scattering length is infinity, consequently the Fermi system is in the unitary regime as the dimensionless interaction parameter k F |a s | is very large. In contrast, the nuclear matter in neutron starts is also in the unitary regime with the condition k F |a s | >> 1, because of the fact that k F is very large due to the large density of nuclear matter. Perhaps strongly correlated electronic matter, such as high-temperature superconducting compounds are also in the universal regime as the interaction between electrons in these materials are very strong. The experimental front of studying the strongly interacting fermions first started with observation of the stability of trapped fermions [8] . The collective excitations were later measured across the BCS-BEC crossover region [9, 10] . After the superfluidity in the BCS-BEC crossover region has been observed [11, 12] , various universal properties have been studied in the strongly interacting regime [13] [14] [15] . Since then a remarkable experimental progress has been archived in the field of ultra-cold Fermi gases [16] . The universal thermodynamics and the equation of state at the unitary limit have been in the focus of recent experimental investigation as those provide a broader understanding of the universal physics associates with strong interactions [17] [18] [19] .
In theoretical point of view, the strongly interacting fermions are challenging. Due to the absence of a small parameter, the perturbative methods are inapplicable. Significant fluctuations at strongly interacting fermions make mean-field approaches also inappropriate. However, there has been several attempts to under-stand the strongly interacting behavior using numerical, phenomenological, and mean-field approaches. These include strong coupling theories [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , Monte Carlo methods [30] [31] [32] [33] [34] [35] , modified mean-field attempts [36] , and some phenomenological theories [37] [38] [39] .
For zero-range interacting fermions, Tan derived a set of exact universal relations [40] [41] [42] . Tan's dramatic universal relations do not depend on the details of the interaction potential. They are applicable for broad situations: homogeneous or trapped systems, many-body or few-body systems, superfluid or normal phases, and finite or zero temperatures. These exact universal Tan relations connect microscopic properties of the zero-range strongly interacting Fermi systems to thermodynamic quantities. The connection is made through a single quantity termed contact which is a measure of the density of fermion pairs at larger momentum. Tan relations were later re-derived by using a renormalization scheme in the quantum field theoretical framework [43, 44] , by using a lattice model to regularize the singularity [45, 46] , by using a nonlocal quantum field theory [47] , and by using a Schrodinger formalism [28] . These Tan relations were later experimentally verified by two experimental groups [48, 49] .
The quantum virial cluster expansion for unitary Fermi gases has been a valuable approach to study high temperature limit of the system. In virial cluster expansion, the equation of state of the system is expanded in powers of the fugacity z = e βµ , where µ is the chemical potential and β = 1/k B T is the dimensionless inverse temperature. Here k B is the Boltzmann constant. The equation of state of a two-component Fermi system, the pressure in this case is written in the form,
where λ = 2πβh 2 /m is the thermal de Broglie wavelength with a fermion mass m and the Plank constant h = 2πh. As a result of the universality, the virial coefficients b n 's are temperature independent at unitarity. So far only the first four virial coefficients, b 1 , b 2 , b 3 , and b 4 have been calculated [50] [51] [52] [53] .
In this paper, we combine one of the Tan's relations (which becomes an universal relation at the unitary limit) with basic statistical mechanics to derive a self-consistent integral equation for the equation of state for unitary Fermi gases. A general solution to this integral equation is written as a linear combination of Fermi functions. By truncating our series solution to four terms with inputs from exact limiting cases, we discuss two different versions of our equation of state. First, using first three virial coefficients and using the Bertsch parameter as a free fitting parameter, we find a good good agreements with experimentally obtained equation of state in the entire normal state. Second, using first four virial coefficients, we calculate the Bertsch parameter and find a very good agreement with the direct experimental measurements at Massachusetts Institute of Technology. Further, this second version of our equation of state agrees with the equation of state obtained by the self-consistent Tmatrix calculations in the normal state [54] . The paper is organized as follows. In section II, we discuss our statistical mechanics approach and provide the detail derivation of the self consistent integral equation for the equation of state. In section III, we provide the solution to this integral equation and compare it with recent experimental measurements and self-consistent T-matrix calculations. Finally in section IV, we summarize our results with a discussion.
II. FORMALISM AND THE EQUATION OF STATE
From a statistical point of view, the macroscopic thermodynamic properties of the system is fully captured in the partition function. The finite temperature thermodynamic potential Ω at temperature T and volume V is related to the partition function through Ω = −k B T ln Z G , where the grand canonical partition function Z G = T r[e −(Ĥ−µN )β ] withĤ andN being the interacting Hamiltonian and particle number operators, respectively. For a spatially homogeneous system, the pressure P , is related to the thermodynamic potential as Ω = −P V . This can be casted in terms of the partition function as βP V = ln Z G . Taking the derivative with respect to the inverse temperature β, we have
where X = T r[Xe −(Ĥ−µN )β ]/Z G is the expectation value of the operatorX. Meantime, one of the Tan's relations that connects the energy Ĥ = E, the pressure P , and the contact c,
For unitary fermions a s → ∞, this reduces to the wellknown universal equation of state P V = 2/3E. Replacing the right hand side of Eq. (2) with this Tan's relation and then distributing the differentiation, we have
for unitary fermions a s → ∞. Thus, the last term in Eq. (4) vanishes at both of these limits. By dropping the last term, changing the variable β to temperature T , and separating the variables, we derive a self consistent integral equation for the finite temperature pressure P (T, µ) of a homogeneous Fermi particle system,
Here we have replace the number density n by ∂P/∂µ. So far no any approximations were made and this self consistent integral equation is valid for both non-interacting fermions and unitary fermions with zero-range interacting potentials. Even though, the contact term has disappeared in eq. (5), the interaction effects of the unitary fermions are effectively included inside the pressure P . Nevertheless, the temperature dependence of contact parameter at unitarity has been calculated and measured [55] [56] [57] [58] . Notice that the zero temperature equation of state or the pressure P (0, µ) has already been known from various analytical and numerical calculations. At unitarity, the zero temperature pressure is written in the form
3/2 and the Bertsch parameter is defined as the ratio of ground state energies of unitary fermions and non-interacting fermions, ξ = E u /E f ree . Various theoretical calculations shows that the value of ξ ranges from 0.2 to 0.6, with most predictions in the range 0.3 − 0.4 [59, 60] . The earliest calculation from fixed-node diffusion Monte Carlo (MC) shows ξ = 0.44 for smaller systems [61] and ξ = 0.42 for larger systems [62, 63] . Later, several fixed-node MC calculations suggest upper bounds for ξ at 0.43 [64] , 0.38 [65] , and 0.21 [59] . Meantime, a restricted path-integral MC [66] and a sign-restricted mean-field lattice calculations [67] yield ξ = 0.49. In addition to these numerical approaches, several analytical techniques, such as meanfield theories [68] , variational approaches [69] , saddle point methods [70] , density functional theories [71] , and renormalization group flow methods [72] have been used to calculate the Bertsch parameter. Further, various series expansion methods have been used to calculate ξ [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] . Recent cold-atom experiments have attempted to measure the value of ξ using various measurement techniques and found the value of ξ ranges between 0.32 and 0.51 [17, 18, [84] [85] [86] [87] [88] [89] [90] . Currently, the accepted value of ξ = 0.37 is from the most recent direct experimental measurements at Massachusetts Institute of Technology (MIT) experiment [17] . This value is well supported by the improved fixed-node Monte-Carlo calculations [65, 91] . As we will show below, our theory crucially depends on this Bertsch parameter ξ.
By investigating our self consistent integral equation in Eq. (5), we find a general solution in the form of a linear combination of Fermi functions,
where f ν (z) is the well known Fermi function defined as
with Gamma function Γ(ν), and A ν 's are unknown constants at the moment. Notice that the half integer values of ν in A ν 's are restricted to be equal or below 5/2, otherwise the solution diverges as T → 0. For a noninteracting ideal Fermi system, A ν = 0 for all ν except ν = 5/2, where A 5/2 = α. This general equation of state for unitary Fermi gases is the main result in this paper. In literature, different versions of this solution has been used as phenomenological equations of state for unitary fermions [37] [38] [39] . In the following section, we restrict our series solutions to few terms and evaluate A ν 's based on already available theoretical findings at limiting cases, and then compare our theory with the most recent experimental measurements and self-consistent T-matrix theory. By investigating our integral equation (5), we find that the pressure given in the virial expansion in eq. (1) is also a solution of eq. (5). Therefore the proposed solution in Eq. (6) can be considered as an another effective series solution to the equation of state.
III. RESULTS AND COMPARISONS
The zero temperature properties are precisely determined by the first term with the Fermi function f 5/2 (z). Taking the zero temperature limit in our solution, we find A 5/2 = αξ −3/2 . Thus, our general series solution provides the exact zero temperature properties of the unitary Fermi gasses, provided the fact that ξ is accurately known. By using the high temperature series expansion to our equation of state and then comparing it with the quantum virial cluster expansion, we find the n'th order virial coefficient b n is in the form,
As we mentioned before, the first four virial coefficients have already been calculated for homogeneous unitary Fermi gases. The latest virial cluster expansion predicts virial coefficient is in reasonable agreement with each other and with MIT experimental value [17, 52, 53] , none of the earlier calculations agree with each other [92, 93] .
In this paper, we use one of the most recent theoretical prediction of b 4 = 0.0307 [53] . First, we truncate our general series solution to four terms,
where we have considered only half integer values of ν as we are dealing with fermions. Using only the first three virial coefficients and the value of A 5/2 , we find
. Note that these four coefficients are sensitive to the Bertsch parameter ξ as we have already used the exact zero temperature limit. In this four term series solution, we keep ξ as a free parameter to compare with the experimental results. The resulting equation of state from Eq. (9) is shown in FIG .1 with recent experimental data. The FIG .1 shows the pressure of a unitary Fermi system normalized by its noninteracting counterpart at the same chemical potential µ and temperature T , P 0 = α(k B T ) 5/2 f 5/2 (z). The red dots are the Massachusetts Institute of Technology (MIT) experimental measurements by Ku et al [17] . The blue squares are the Ecole Normale Supérieure (ENS) experimental measurements by Nascimbène et al [18] . The green solid line is the third order virial cluster expansion results. The black and gray solid lines are the results from our theoretical equation of state for two different values of Bertsch parameter, ξ = 0.44 [63, 64, 67] and ξ = 0.59 [78] , respectively. These two different values of the Bertsch parameter were chosen from the theoretically predicted range to best suited the experimental measurements. The input parameters in our theory so far are theoretically known first three virial coefficients and the Bertsch parameter, yet our theory shows a very good improvement over the third order virial cluster expansion. As can be seen from FIG. 1 , with use of a proper Bertsch parameter, our theory reasonably agrees with the experimental data all the way down to low temperatures where the fugacity z ≈ 18. This is in contrast with the third order virial cluster expansion method where the virial cluster expansion theory and experimental measurements agree only up to z ≈ 0.7. All other proposed phenomenological equations of state show agreement with experi- [17] . The black solid line is our theoretical equation of state without any free parameters, but we truncate our series solution to four terms using first four virial coefficients. The blue squares are the normal state self-consistent T-matrix calculation [54] . The Bertsch parameter extracted from the first term in our solution (A 5/2 ) is ξ = 0.35.
mental data only up to z ≈ 7 [37] [38] [39] . We tried the fourth virial coefficient to include the fifth term in our series solution, however we find that the agreement is not as good as with four term solution. Hence, in the following we use the fourth virial coefficient to find the equation of state assuming the Bertsch parameter is not known and find it through our resultant equation of state.
Next, we again restrict our series solutions to the first four terms, ν = 5/2, 3/2, 1/2, and −1/2 and calculate these coefficients using Eq. (8) with reliably known first four virial coefficients, without using the Bertsch parameter. We will calculate the Bertsch parameter from the resultant coefficient A 5/2 . We find series coefficients for this case, A 5/2 = 4.842, A 3/2 = −2.889, A 1/2 = −1.390, and A −1/2 = 0.437. The resulting equation of state is shown in FIG .2 with recent MIT experimental data [17] and normal state self-consistent T-matrix theory [54] . Notice that we have not used any free parameters except already known first four virial coefficients to produce this result. Even though the theoretical results slightly deviate from the experimental data at intermediate temperatures, the theoretical results converge to the experimental data at a lower temperature. Using the value of A 5/2 = αξ −3/2 , we find the Bertsch parameter ξ = 0.35. This is in remarkable agreement with the most recent direct experimental value of ξ = 0.37 at MIT experiment [17] and recent theoretical upper bounds [94] [95] [96] [97] . In addition, we compare our equation of state with the self-consistent T-matrix theory [54] and we find a good good agreement as shown in FIG .2 .
IV. DISCUSSION AND SUMMARY
Cold-atom experiments provide valuable insights into our understanding of strongly interacting matter and they provide benchmarks for the theoretical description of such matter. The experimental equation of state of unitary fermions have been measured at MIT and ENS, however the low temperatures experimental data is not in agreement with each other. Meantime, MIT experiment directly measures the Bertsch parameter ξ and shows a good agreement with most recent theoretical calculations. The theoretical calculation of ξ is challenging due to the fact that it is an intrinsically non-perturbative problem. Various theoretical predictions give a wide range for the value of ξ.
In addition to the non-interacting fermions, the proposed equation of state is valid only at unitarity, where the range of interaction is zero and the s-wave scattering length is infinite. Unfortunately, our solution involves infinite number of terms which seems crucially depend on the Bertsch parameter ξ. Nevertheless, one can truncate our series solution at a finite order by theoretical or experimental inputs at limiting cases.
In summary, we have derived an approximate general equation of state for unitary Fermi gases. This is done by constructing a self consistent integral equation for the equation of state of universal fermions by combining a universal relation and basic statistical mechanics. The derived universal equation of state is a linear combination of Fermi functions. Then truncating our series solution to four terms using reliably known first three virial coefficients and using the Bertsch parameter ξ as a fitting parameter, we find a good agreement with experimental measurements up to the fugacity z ≈ 18. This is a vast improvement over the proposed phenomenological approaches where those approaches deviate from experimental data around z ≈ 7. The importance of our fourterm analytical equation of state is that all the thermodynamics properties can be accurately derived without heavy numerical calculations up to the fugacity z ≈ 18, where the temperature is already very low. Further, using the first four virial coefficients in our equation of state of unitary fermions without any fitting parameters, we extract the Bertsch parameter and find ξ = 0.35. The resulting equation of state shows a good agreement with normal state self-consistent T-matrix theory. We anticipate that the our equation of state can be extended to validate for the superfluid phase by including more terms in the general solution.
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